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1. Introduction

Let G be a finite group and let n > 2 be an integer. Denote by o(x) and C,, the order of an element x in
G and the cyclic group of order n, respectively. The average order of G is a quantity denoted by o(G) that
is given by

¥(G)

O(G) - Wa

where ¥(G) = > o(x) is the sum of element orders of G. In [10], A. Jaikin-Zapirain uses the average order
zeG
concept while determining a lower bound for the number of conjugacy classes of a finite p-group/nilpotent

group G. In the same paper, the author suggests the following question: “Let G be a finite (p-)group and N
a normal (abelian) subgroup of G. Is it true that o(G) > o(N)2 2”. Recently, E.I. Khukhro, A. Moret6 and
M. Zarrin proved the following result (see Theorem 1.2 of [11]):
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Theorem 1.1. Let ¢ > 0 be a real number and let p > % be a prime. Then there exists a finite p-group G
with a normal abelian subgroup N such that o(G) < o(N)°.

Note that Theorem 1.1 provides a negative answer to Jaikin-Zapirain’s question even if we replace the
exponent % with any positive real number c.

We can not overlook the fact that the average order o(G) of a group G is strongly related to the sum of
element orders 1 (G). During the last years, the latter concept was frequently studied and became a fruitful
research topic. Some relevant results involving the sum of element orders are summed up into the following
two theorems:

Theorem 1.2. Let G be a finite group and let o' (G) = %

a) If Y'(G) > & =/(Ca x Cs), then G is cyclic; (see Theorem 1 of [7])

b) If ¥/(G) > 52 =/'(S3), then G is nilpotent; (see Theorem 1.1 of [15])

) If ¥/(G) > & =/ (Ay), then G is supersolvable; (see the proof of [T]-Conjecture in [}])
d) If Y/'(G) > & = ¢/(As), then G is solvable. (see the main result of [3])

Theorem 1.3 (see Theorem 1.1 of [14]). Let G be a finite group and let ¥"(G) 1y

(G) > £ =9"(Ca x Cy), then G is cyclic;
(G) > 2 =9"(Qs), then G is abelian;

c¢) If ¥"(G) > £ =" (S3), then G is nilpotent;
(G) > 3L = ¢"(A4), then G is supersolvable;
(G) > 255 =" (As), then G is solvable.

Note that the lower bounds from Theorems 1.2 and 1.3 are the best possible ones and all items actually
constitute some criteria for the cyclicity, commutativity, nilpotency, (super)solvability of a finite group.
Other interesting aspects on the sum of element orders concern its maximum and minimum values. Hence,
we would like to recall the main result of [2] which is due to H. Amiri, S.M. Jafarian Amiri and I.M. Isaacs.
It states that given a finite group G of order n, we have

Y(G) <Y(Cy) and Y(G) = Y(C,) <= G =C,.

In other words, the maximum value of ¢ among finite groups of order n is attained by C,,. If we let G to
be a non-cyclic group of order n, it is known that
7

G) < 5

P(Cn),
this result being proved by M. Herzog, P. Longobardi and M. Maj in [8]. In what concerns the minimum
value of v, the investigation is still open. A complete result is known if one works with nilpotent groups.
More exactly, in [1], H. Amiri and S.M. Jafarian Amiri show that among all nilpotent groups of order n,
the minimum value of 1 is attained by a group whose Sylow subgroups have prime exponents.

Our main aim is to establish some criteria, as the ones included in Theorems 1.2 and 1.3, using the
average order of a finite group G. The elements of order 2 will play a significant role in our study. Hence,
let

na(G) = [{z € G | o(x) = 2}

be the number of elements of order 2 in GG. We recall some results which connect this number with the
nature/structure of G.
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Theorem 1.4. Let G be a finite group and let no(G) be the number of elements of order 2 in G.

a) Ifna(G) > 2|G|, then G is an elementary abelian 2-group;
b) If na(G) > |G| — 1, then G is solvable or there exists m € N such that G = C§" x As.

Ttem a) of Theorem 1.4 is a well-known result and a proof can be found in the preprint [5] (see Theorem
4.1). For item b), the reader may consult Theorem 2.44 of [6] or [12]. The same results may be rewritten in
terms of the number of solutions of the equation 2 = 1, where z € G.

We end this section with a brief description of our main results. We prove the following theorem:

Theorem 1.5. ' Let G be a finite group.

(S3), then G is an elementary abelian 2-group;
(Cy), then G is solvable.

[,

a) If o(G) < B =0

b) If o(G) < II =0

Besides this result, we approach the problem of determining the integer values of the average order of a

finite group. More exactly, we show that there are no finite groups G such that o(G) € {2,3}. We also prove

that there are infinitely many values located to the right of and close to % which are not attained by the

average order of a finite group. As a consequence, we show that the set containing the average orders of all
13

finite groups is not dense in [, 00). The corresponding proofs, other results and some open problems are

outlined in the following section.
2. Main results

We start by outlining two auxiliary results along with their proofs. Both are needed in order to prove
the criteria included in Theorem 1.5.

Lemma 2.1. Let ¢ > 0 be a real number, let G be a finite group of order n, 1 =dy < ds < ... < d, be the
element orders of G, where v > 3, and let ng, = {x € G | o(z) = d;}|, for alli € {1,2,...,7}. If o(G) < c,
then

dg—C dg—l
— . 1
>d3—d2n d3 — da e

Nd,
Proof. We have n =1+ ng, + ng, + ...+ ng,, so we deduce that

Y(G) =14 dang, + dzng, + ...+ dyng,
> 1+ d2nd2 + dg(’ndS 4+ ... nd,’.)
=1+ dang, +ds(n —1—ng,).

Since o(G) < ¢, it follows that ¢¥/(G) < cn. Therefore,
en > 1+ dong, +ds(n—1—ng,).
The last inequality is equivalent to (1), so our proof is complete. O

1 Meanwhile, the upper bound outlined in item b) of Theorem 1.5 was improved. More exactly, in [9], it was proved that given a
finite group G, if o(G) < % = 0(As), then G is solvable. This result was also conjectured in [11].



4 M.-S. Lazorec, M. Tdrnduceanu / Journal of Pure and Applied Algebra 227 (2023) 107276

Lemma 2.2. Let G be a finite group, let p be a prime number and let m € N. Then

o(C) —
o(C x G) = o(G) + oG~ 1 > ofa). (2)
|G| zeG
pto(x)

Proof. We denote the least common multiple of o(a) and o(x) by [o(a),o(z)], for all (a,x) € C}' x G. We
have

YO x @)= Y olax)= Y Y [ofa)o(z)]

(a,2)€C X G acCr zeG
=S ( S )o@+ Y [o<a>7o<x>])
aEC;" zeG zeG
p | o(x) p 1 o(x)
= Z < Z o(z) + Z O(CL)-O(a:))
aGC’;" zeG zeG
p | o(x) p { o(z)

—p" o(x) + o(a) ) - o(z) ) =
pQ;OC(;I) <a€ZCpm ) <p%w) )
pm(wG) Dy o(x))w(c;”) S o) =

1ol » Fo)
= p"P(G) + (W(C) —p™) D olw),
zeG
p 1 o(x)

and the conclusion easily follows. 0O
We proceed by justifying the results that are summed up into Theorem 1.5.

Proof of Theorem 1.5. Let G be a finite group of order n. We use the notations of Lemma 2.1 in our
reasoning.

a) If r = 2, then the set of element orders of G is m.(G) = {1,p} and n = p*, where p is a prime number
and k > 1. For p = 2, it follows that G is an elementary abelian 2-group. For p > 3, we have

1+p(p* —1) p—1 p—1 2 13

o(G) e > 3”5

a contradiction.
Therefore, we may assume that r > 3 and apply Lemma 2.1. If do > 3, then, by following the steps above,
we get o(G) >3 — 2 > 1 4 contradiction. If dy = 2, then Lemma 2.1 leads to

ds — 13 dy—1_3-13 -1
3 [ > Gn—3 :§n—2.
ds — 2 ds — 2 3—2 3—2 6

ng >

For n > 24, we have %n -2 > %n, SO ng > %n. According to Theorem 1.4, a), we deduce that G is an

elementary abelian 2-group. To investigate the case n < 23, we use GAP [16] to check that the quantity

an, = min{o(G) | |G| = n}
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attains the following values:

a; =1 a2:§ (lgzz a4:Z a5=E GGZE a7:4—3 QSZE a9:§ 6110:E

’ 2’ 3’ 4’ 5’ 6’ 7’ 8’ 9’ 10

111 31 157 57 147 31 273 43

an:T’am:ﬁ’alg’:H’au:ﬁ’am:f’am:l_ﬁ’awzl_?’algzﬁ’
343 71 85 133 507
a19=1—9,a20=%,a21=ﬁ,a22=§,023=§~

Observe that a, > % excepting the case n € {1,2,4,8,16}. If n € {1,2}, then G is an elementary abelian

2-group. For n = 4, we have o(Cy) = 4} > 23 For n = 8, we get 0(Cs) = £ > 3,0(Cy x Cy) = 2 >

%,O(Qg) = % > 1673 and o(Dg) = % > %. Similarly, for n = 16, we obtain o(G) > % for any group G of
order 16 such that G' 2 Cj. Consequently, the conclusion also holds for n € {4,8,16} and this completes
the proof of item a).

Before justifying that criterion b) of Theorem 1.5 holds, we would like to mention that the case n < 23
above may be also solved by proving the following two results: “If G is a finite p-group such that o(G) < %,
then G is an elementary abelian 2-group.” and “If G is a finite group such that |G| € {pq, p*q}, where p and
q are distinct primes, then o(G) > % and the equality holds if and only if G = S3.” However, we consider
that the use of GAP is preferable and more efficient.

b) If do > 3, then |G| is odd and, consequently, G is solvable. If » < 3, then |G| is divisible by at most two
distinct primes, so G would be solvable once again. Consequently, we may assume that dy =2 and r > 4.

In the proof of Lemma 2.1, we showed that
Y(G) =1+ dang, +dsng, + ... +drng. > 1+ dang, +ds(ng, +...nq,). (3)
Since r > 4, we have d4 > d3, so an equality can not occur in (3). Therefore,
PY(G) > 24 dang, + ds(ng, +...n4,).

If o(G) < ¢, where ¢ > 0 is a real number, then one obtains the following inequality which is similar to the
one given by Lemma 2.1:

dg—C d3—2
n — .
d3 — da d3 — dy

ng >

_ 11
In our case, for ¢ = <, we get

[,

ds — 4 ds—2  3-1 1
4 3 > n—1=-n-—1.

- B 3
" T T 4 =2 32 1

By Theorem 1.4 b), we deduce that G is solvable or there exists m € N such that G = CJ" x As. To complete

our proof, it remains to show that the second case can not occur. Hence, suppose that G = C%* x As. Then,
by Lemma 2.2, we obtain

o(G) = o(CT* x As) = o(A5) + ol¢s) =1 Z o(x)

60 TEAs5

2 1 o(z)
181 2™ —1 211 11
=0o(A - .-~ A-) = —— f—
o(ds) + o - —gm— > olAs) = 5 >

a contradiction. O
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Notice that item a) of Theorem 1.5 may be also viewed as a nilpotency criterion as follows: “If o(G) <

% = 0(Ss), then G is nilpotent.” Since S5 is non-nilpotent, the ratio % is the best upper bound that may

appear in such a criterion. Below, we will explain that %3 is also the best upper bound for the original form

of item a).
Further, we outline some consequences of Theorem 1.5. First of all, notice that if G = C*, where m € N,
we have
1 13
G)=2—-—— <2< —. 4
o(G) =2 5 <2< (®)

Hence, by Theorem 1.5, a), we obtain the following characterization of elementary abelian 2-groups.

. , . . . 13
Corollary 2.3. A finite group G is an elementary abelian 2-group if and only if o(G) < %

The inequality (4) shows that all elementary abelian 2-groups have low average orders contained in [1, 2).
If we exclude these groups, we can state the following result which outlines some minimum values of the

average order on the class of finite p-groups. The proof follows some ideas that were already highlighted in
this paper, so we omit explicit details.

Corollary 2.4. Let G be a finite p-group.

a) If p=2 and G is not elementary abelian, then o(G) > % = o(Dsg);
b) If p is odd, then o(G) > pz_p—pH = 0(Cyp).

As a consequence of inequality (4) and Corollary 2.3, we can state that the upper bound % in Theorem 1.5,
a), is the best possible one. Also, we deduce a first result concerning the possibility of obtaining specific
integer values when we compute the average order of a finite group.

Corollary 2.5. There are no finite groups G such that o(G) € [2, %) In particular, there are no finite groups
G such that o(G) = 2.

Another way to justify that o(G) # 2, for any finite group G, is by noticing that the sum of element
orders of a finite group is always an odd positive integer. We use this remark to show the non-existence of
finite groups whose average orders are equal to 3.

Proposition 2.6. There are no finite groups G such that o(G) = 3.

Proof. Suppose that there is a finite group G such that o(G) = 3. Since ¥(G) is odd and o(G) is an integer,
it follows that n = |G| is also odd. If exp(G) = 3, then
_1+3(n—1) 2

=3—-—-<3.
n n

o(G)
Otherwise, G has at least 4 elements of order greater than or equal to 5, so

L 1+4:5+3-(n—5)

n

o(G)

6
=3+ —->3.
n
Hence, in both cases we arrive at a contradiction. Consequently, our proof is complete. O

Taking into account the previous two results, an interesting problem would be to determine the integer
values contained in Im(o), where
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Im(o) ={o(G) | G € G}

and G is the class of all finite groups. We note that such values exist. Besides the trivial case, GAP yields
the following examples of groups whose orders are at most 5000 and whose average orders are integers:

~ G1 = C5 x (Cr x C3) (SmallGroup(105,1)),0(G1) = 152 = 17;
— Gy = Cy7 x (Cr % C3) (SmallGroup(357,1)),0(G) = 23208 = 65;
1)

~ G3 = Css x (Cr % C3) (SmallGroup(1785,1)), o(G3) = 181395 — 273;
~ Gy = Cagg x Ci3 (SmallGroup(3887,2)), 0(Gy) = 1348147 — 285
— G5 22 O35 x (Cyz x C3) (SmallGroup(4515,3)), 0o(G5) = 1864695 — 413,

@
— Gp = Ca21 x (C7 x C3) (SmallGroup(4641,3)), 0(Gg) = 36446341185 = 785.

Hence, we consider that it is natural to pose the following question.

Question 2.7. Which are the integer values contained in Im(o)? Moreover, which are the finite groups G

having an element of average order, i.e. there exists x € G such that o(G) = o(x) ?

13
6

the choice of the interval [22, o). If one would opt for an interval such as I = [a,00), where a < £, then

The final part of this section concerns the study of the density of Im(o) in 00). First of all, we jubtify
Corollary 2.5 assures that Im(o) is not dense in I. Consequently, we are interested in intervals such as
[a,00), with a > 1—5’. Secondly, by Lemma 2.1 of [1], we know that if G; and G2 are two finite groups of
coprime orders, then ¥ (G x G2) = ¥(G1)¥(G2). This property is obviously inherited by the average order.
We use this multiplicativity property in the proof of the following result which states that any integer n > 2
is an adherent point of Im(o).

Proposition 2.8. Let n > 2 be an integer. Then there is a sequence (Gp)m>1 of finite groups such that
lim o(G,) =n.

m—roo

Proof. Let n = p{'py?...p.* be the prime factorization of n. For i € {1,2,...,k}, we consider the finite
group G, = C™ i where m > 1 is an integer. By Corollary 4.4 of [13], G, ,,, has p]"® :-n(afl) elements
of order pg, for all ae€{l,2,...,n;}. Hence,
W(Gim) =1+ pi(p = 1)+ pEEF™ = p") + .+ P (™ = p )
_ p§77L+1)(ni+1) p(m—i—l)ni-&-l +pi—1
p;m+1 1 ’
and
. ; 1
o) = p§m+1)(nz+1) p£m+1)n +1 Tpi—1 e 1 o 1
i,m) — i .
T 1) ST A )

Finally, let us consider the sequence (Gp,)m>1, where G, = Gi, X Ga2m X ... X Gim. Using the
multiplicativity property of the average order, we have

.:1??

@
Il
~

(Jim,otGm) = Hp’“—

k
lim o(Gp,) = n}g\noo HO(Gi,m

m—0o0

as desired. O
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Our following result shows that there is a finite number of average orders which are close to and higher

than the ratio %.

Proposition 2.9. Let ¢ € (0, 15). Then there is a finite number of finite groups G such that o(G) € [%, —e).

[

Proof. We use the notations of Lemma 2.1 in our reasoning. Let G be a finite group of order n such that
o(G)e 22,2 —e).

Suppose that 2 4 n. If n = 1, then o(G) = 1, a contradiction. If n > 3, then dy > 3 and n > 34%5' We
have

a contradiction.
Therefore, 2|n. Then dy = 2 and we may assume that r > 3 (otherwise, G would be an elementary abelian
2-group and o(G) < 2, a contradiction). By Lemma 2.1, we get

n - +e

ds— (2 —¢) d3—1 _3—(2—¢) 3-1 3
— > - - _2
M2y T 2= 3-2 3-2 \1 "

Then there is ng € N such that

3 3 3
<4n+5>n22 ZH,VHZTLO, S0 N > ZnNﬂZno-

If n > ng, by Theorem 1.4, a), we deduce that G is an elementary abelian 2-group, so o(G) < 2, a

contradiction. Hence, o(G) may be contained in [, % — ¢) only if |G| = n < ng. This means that, up to

isomorphism, there is a finite number of groups whose average orders are included in the above interval. O

One may restate Proposition 2.9 by saying that there are infinitely many values v, located to the right of
%, for which we can not find a finite group G such that o(G) = v. This fact provides an answer concerning
the density of Im(o) in the interval [, c0).

Corollary 2.10. Im(o) is not dense in [, 00).

The investigation over the density of I'm(o) can be further continued. Based on our results, it would be

natural to ask for an argument which proves/disproves the following conjecture.

Conjecture 2.11. Let a > 0 be a real number. Then Im(o) is not dense in [a, o).

Our results show that this conjecture is valid for a € [0, £].
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